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1. Introduction 



In this paper, we study the longterm behavior of the Ricci flow in higher 
dimensions. A one-parameter family of metrics g(t) is a solution to the Ricci 
flow if 

d 

—g(t) = -2Ric s(t) , 

where Kic g r t \ denotes the Ricci tensor of g{t) (cf. [3J). Moreover, g(t) is a 

solution to the normalized Ricci flow if 

d 2 

—g(t) = -2Ric g[t) + -r g{t) g(t), 

where r g r t \ denotes the mean value of the scalar curvature of git)- In a joint 
work with R. Schoen, we proved the following theorem: 

Theorem 1 ([2], Theorem 3). Let (M,go) be a compact Riemannian man- 
ifold of dimension n > 4. Assume that 

(1) -Rl313 + A 2 R.U14 + fJ 2 -^2323 + A 2 /i 2 i?2424 ~ 2A/i i?l234 > 

for all orthonormal four-frames {ei, e2, e$, e^} and all A,/i £ [—1,1]. Then 
the normalized Ricci flow with initial metric go exists for all time and con- 
verges to a constant curvature metric as t — > oo. 

An immediate consequence of Theorem [1] is the Differential) le Sphere The- 
orem: if (M, go) has strictly 1/4-pinched sectional curvatures, then M is 
diffeomorphic to a spherical space form. We refer to [2] for a discussion of 
the history of this problem. 

In this paper, we weaken the curvature assumption in Theorem [TJ Our 
main result is the following: 

Theorem 2. Let (M, go) be a compact Riemannian manifold of dimension 
n > 4. Assume that 

(2) -Rl313 + A 2 i?l414 + -R2323 + A 2 i?2424 ~ 2A -R1234 > 

for all orthonormal four-frames {e\, e2,e3, e^} and all A £ [—1,1]. Then the 
normalized Ricci flow with initial metric go exists for all time and converges 
to a constant curvature metric as t — > 00. 



This project was supported by the Alfred P. Sloan Foundation and by the National 
Science Foundation under grant DMS-0605223. 

1 



2 



SIMON BRENDLE 



C. Bohm and B. Wilking pQ have shown that the normalized Ricci flow 
deforms metrics with 2-positive curvature operator to constant curvature 
metrics. It is easy to see that every manifold with 2-positive curvature 
operator satisfies condition ([2]). Hence, the main theorem in [T] is a subcase 
of Theorem [2j 

The conditions ([T]) and ([2]) are closely related to the notion of positive 
isotropic curvature. To explain this, suppose that M is a Riemannian mani- 
fold of dimension n > 4. We say that M has nonnegative isotropic curvature 
if 

#1313 + #1414 + #2323 + #2424 ~ 2 #1234 > 

for all orthonormal four-frames {ei, e^, e^, e^} (cf. [6], [7]). The product 
M x R has nonnegative isotropic curvature if and only if 

#1313 + A 2 #1414 + #2323 + A 2 #2424 ~ 2A i?l234 > 

for all orthonormal four-frames {ei, €2, e%, e^} and all A G [—1, 1] (see Propo- 
sition U] below). Similarly, the product M x R 2 has nonnegative isotropic 
curvature if and only if 

#1313 + A 2 #1414 + /J 2 #2323 + A 2 /i 2 i?2424 ~ 2A/i i?i234 > 

for all orthonormal four-frames {ei, e2, e^, e^} and all A,/i £ [—1, 1] (see [2], 
Proposition 21). 

The curvature conditions ([I]) and ([2]) are void in dimension less than 4. 
However, the condition that M x R has nonnegative isotropic curvature 
makes sense for all n > 3, and the condition that M x R 2 has nonnega- 
tive isotropic curvature makes sense for all n > 2. A three-manifold M has 
nonnegative Ricci curvature if and only if M x R has nonnegative isotropic 
curvature. Moreover, a three-manifold M has nonnegative sectional cur- 
vature if and only if M x R 2 has nonnegative isotropic curvature. Thus, 
Theorem [2] can be viewed as a generalization of a theorem of R. Hamilton 
on three-manifolds with positive Ricci curvature (see [3j). Combining the 
two results, we obtain: 

Theorem 3. Let (M, go) be a compact Riemannian manifold of dimension 
n > 3. If (M, go) x R has positive isotropic curvature, then the normal- 
ized Ricci flow with initial metric go exists for all time and converges to a 
constant curvature metric as t — > 00. 

R. Hamilton [5] has shown that the Ricci flow preserves positive isotropic 
curvature in dimension 4. Moreover, Hamilton proved that, in dimension 4, 
a solution to the Ricci flow with positive isotropic curvature develops only 
"neck- like" singularities. More recently, it was shown that positive isotropic 
curvature is preserved by the Ricci flow in all dimensions. This result was 
proved independently in [2\ and [8]. It is an open question whether the 
analysis of singularities in [5] carries over to higher dimensions. We hope 
that Theorem [3] will shed light on this question. 
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In Section 2, we consider the condition that M X R has nonnegative 
isotropic curvature. This condition defines a convex cone C in the space of 
algebraic curvature operators, which is preserved by the Hamilton ODE. 

In Section 3, we consider the condition that M x S 2 (l) has nonnegative 
isotropic curvature. This defines a convex set E in the space of algebraic 
curvature operators. It is easy to see that C C E C C, where C denotes 
the cone introduced in [2j. Using results from [2], we show that the set E is 
invariant under the Hamilton ODE. This fact is the main ingredient in the 
proof of Theorem [2j 

In Section 4, we complete the proof of Theorem [2] by constructing a suit- 
able pinching set for the Hamilton ODE. 

2. The cone C 

Let R be an algebraic curvature operator on R n . We define an algebraic 
curvature operator R on R n x R by 



for all vectors Vj = (yj,Xj) £ M™ x I, We denote by C the set of all alge- 
braic curvature operators on R n with the property that R has nonnegative 
isotropic curvature: 

C = {R G S%(so(n)) : R has nonnegative isotropic curvature}. 

Clearly, C is closed, convex, and 0(n)-invariant. Moreover, it follows from 
the results in [2] that C is invariant under the Hamilton ODE 4^R = Q(R)- 
The cone C can be characterized as follows: 

Proposition 4. Let R be an algebraic curvature operator on W 1 , and let R 

be the induced curvature operator on M. n x R. The following statements are 
equivalent: 

(i) R has nonnegative isotropic curvature. 

(ii) For all orthonormal four-frames {ei, e2, e^, e±} and all A G [—1,1], 
we have 



+ R(e2,e 3 ,e 2 ,e 3 ) + A 2 i?(e 2 , e 4 , e 2 , e 4 ) - 2A R(e%, e 2 , e 3 , e 4 ) > 0. 

Proof. Assume first that R has nonnegative isotropic curvature. Let 
{ei, e 2 , e3, e 4 } be an orthonormal four-frame in R n , and let A G [—1, 1]. We 
define 



R(V1,V 2 ,V 3 ,V4) 



R(vi,V 2 ,V3,Vi) 



R(e 1 ,e 3 , ei, e 3 ) + A 2 i?(ei, e 4 , ei, e 4 ) 



ei = (ei,0) 
e3 = (e 3 ,0) 



e 2 = (e 2 ,0) 



e 4 = (Ae 4 , \/l — A 2 ). 
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Since R has nonnegative isotropic curvature, we have 
< R(ex, e 3 , e%, e 3 ) + #(ei, e 4 , ei, e 4 ) 

+ .R(e 2 ,e 3 ,e 2 ,e 3 ) + -R(e 2 , e 4 , e 2 , e 4 ) - 2 E(ei, e 2 , e 3 , e 4 ) 

= R(e 1 ,e 3 ,ei,e 3 ) + A 2 i?(e x , e 4 , ei, e 4 ) 

+ i?(e 2 ,e 3 ,e 2 ,e 3 ) + A 2 R(e 2 , e 4 , e 2 , e 4 ) - 2A i?(ei, e 2 , e 3 , e 4 ), 
as claimed. 

Conversely, assume that (ii) holds. We claim that R has nonnegative 
isotropic curvature. Let {e 4 , e 2 , e 3 , e 4 } be an orthonormal four- frame in R n x 
R. We write ej = (vj,Xj), where Vj £ R n and Xj S R. Moreover, we define 

tp = V\ A v 3 + 1>4 A ^2 
^ = I? i A -u 4 + ?j 2 A w 3 . 

Clearly, (pA(p = ipAip and ipAip = 0. Using the relation (vi,Vj) +XiXj = dij, 
we obtain 

M 2 - IV>| 2 = K A u 3 | 2 + \v A A v 2 | 2 - |vi A t> 4 | 2 - \v 2 A v 3 \ 2 
+ 2(vi A v s ,V4 A v 2 ) - 2 A u 4 , v 2 A v 3 ) 
= (|ui| 2 - |u 2 | 2 )(|f 3 | 2 - |u 4 | 2 ) - 4(vi,v 2 ) {V3,V^} 

~ ({V1,V3} ~ (V 2 ,V4)) 2 + {(vi,Vi) 2 + (v 2 ,V 3 )) 2 
= (x\ — X2)(x 2 — x|) — 4xiX 2 X 3 X 4 

-(x 1 x 3 -x 2 x 4 ) 2 + (x 1 x 4 + x 2 x 3 ) 2 
= 

and 

(99, tp) = {vi A v 3 ,vi A i> 4 ) + (vi A v 3 , v 2 A v 3 ) 
+ (v4 A v 2 ,v\ A V4) + {V4 A v 2 , v 2 A v 3 ) 
= Oi| 2 - |v 2 | 2 ) (-u 3 ,w 4 ) + (|v 3 | 2 - |-u 4 | 2 ) (vi,v 2 ) 

~ ((V1,V 3 ) - («2,«4» ((V1,V4) + (V 2 ,V 3 )) 

= (x 2 - x\) x 3 x 4 + [x\ - x\) X\X 2 
- {x\x 3 - x 2 x 4 ) (x 4 x 4 + X 2 X 3 ) 
= 0. 

By Lemma 19 in [2], we can find an orthonormal four-frame {e%, e 2 , e 3 , e 4 } 
in R n and real numbers a\, o 2 , 61, b 2 such that a\ + a\ = b\ + 6 2 , aia 2 = 61 6 2 , 
and 

</? = at ei A e 3 + a 2 e 4 A e 2 
-0 = b\ e\ A e 4 + b 2 e 2 A e 3 . 

Clearly, (af — b\){a\ — 6?.) = 0. Without loss of generality, we may assume 
that a 2 = b\. (Otherwise, we replace {e 4 , e 2 , e 3 , e 4 } by {e 3 , e 4 , e 4 , e 2 }.) This 
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implies a\ = b\. Using the first Bianchi identity, we obtain 

R((p, if) + R(ip, ip) = a\ R(e x , e 3 , e x , e 3 ) + a 2 i?(e 1; e 4 , e 1; e 4 ) 



The condition (ii) implies that the right hand side is nonnegative. Thus, we 
conclude that 



Hence, i? has nonnegative isotropic curvature. 

3. A NEW INVARIANT CURVATURE CONDITION 

Let R be an algebraic curvature operator on W 1 . Following Hamilton [3J, 
we define 



It is straightforward to verify that Q(R) is an algebraic curvature tensor. 
As in [3J, we write Q(R) = R 2 + R*, where R 2 and R& are defined by 



Note that R 2 and do not satisfy the first Bianchi identity, but R 2 + RF 
does. The following lemma is a consequence of Corollary 10 in [2], and plays 
a key role in our analysis: 

Lemma 5. Let R be an algebraic curvature operator on M n with nonnegative 
isotropic curvature. Moreover, suppose that {e±, e 2 , e 3 , e 4 } is an orthonormal 
four-frame in M. n satisfying 



R(e 1 ,e 3 ,e 1 ,e 3 ) + R(e 1 , e 4 , e 1; e 4 ) 
(3) + i?(e 2 ,e 3 ,e 2 ,e 3 ) + i?(e 2 , e 4 , e 2 , e 4 ) - 2i?(ei, e 2 , e 3 , e 4 ) = 0. 

T/ien 



+ a? i?(e 2 , e 3 , e 2 , e 3 ) + a 2 -R(e 2 , e 4 , e 2 , e 4 ) 
- 2aia 2 i?(ei,e 2 ,e 3 ,e 4 ). 



^(ei,e 3 ,ei,e 3 ) + i?(ei, e 4 , e 1; e 4 ) 

+ -R(e 2 ,e 3 ,e 2 ,e 3 ) + -R(e 2 , e 4 , e 2 , e 4 ) - 2 #(ei, e 2 , e 3 , e 4 ) 
= R(tp,<p)+R(rl>,il>) >0. 





(4) 



i? # (ei,e 3 ,ei,e 3 ) + i? # (e 4 , e 4 , e 4 , e 4 ) 
+ i? # (e 2 , e 3 , e 2 , e 3 ) + R*(e 2 , e 4 , e 2 , e 4 ) 
+ 2R*(et, e 3 , e 4 , e 2 ) + 2# # (ei, e 4 , e 2 , e 3 ) > 0. 
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Proof. We extend {ei, e 2 , e 3 , e 4 } to an orthonormal basis {ei, . . . , e n } of 
W 1 . Using the first Bianchi identity, we obtain 

i? # (ei,e 3 ,e 4 ,e 2 ) + R*(e 1 , e 4 , e 2 , e 3 ) 

= 2 J R(ei,e p ,e 4 ,e g )i?(e 3 ,e p ,e 2 ,eq) - 2 i?(ei, e p , e 3 , e 9 ) i?(e 4 , e p , e 2 , e 9 ) 
+ 2 R(ei,e p , e 2 , e q ) i?(e 4 , e p , e 3 , e 9 ) - 2 R(ei,e p , e 2 , e g ) i?(e 3 , e p , e 4 , e g ) 
= 2i?(e 1 ,e p ,e 4 , e g )-R(e 3 ,e p ,e 2 ,e g ) - 2R(ei, e p , e 3 , e 9 ) i?(e 4 , e p , e 2 , e g ) 

- R(ei,e 2 , e p , e q ) R(e 3 , e 4 , e p , e g ). 
This implies 

i? # (ei,e 3 ,ei,e 3 ) + i? # (ei, e 4 , ei, e 4 ) 
+ R # (e 2 , e 3 , e 2 , e 3 ) + R*(e 2 , e 4 , e 2 , e 4 ) 
+ 2i? # (ei,e 3 ,e 4 ,e 2 ) + 2 i? # (ei, e 4 , e 2 , e 3 ) 

= 2i?(ei,e p ,ei,e g )i?(e 3 ,e p ,e 3 ,e g ) - 2 R(e\, e p , e 3 , e g ) i?(e 3 , e p , ei, e g ) 
+ 2 R(ei,e p , ei,e q ) i?(e 4 , e p , e 4 , e 9 ) - 2 R(ei,e p , e 4 , e 9 ) i?(e 4 , e p , ei, e g ) 
+ 2 R(e 2 ,e p , e 2 , e q ) R(e 3 , e p , e 3 ,e q ) - 2 R(e 2 ,e p , e 3 , e g ) i?(e 3) e p , e 2 , e q ) 
+ 2 R(e 2 ,e p , e 2 , e q ) R(e 4 , e p , e 4 , e g ) - 2 R(e 2 ,e p , e 4 , e g ) i?(e 4 , e p , e 2 , e 9 ) 
+ 4 R(ei,e p , e 4 , e 3 ) i?(e 3 , e p , e 2 , e g ) - 4 R(e\, e p , e 3 , e 9 ) i?(e 4 , e p , e 2 , e 9 ) 

- 2i?(ei,e 2 ,e p ,e g )i?(e 3 ,e 4 ,e p ,e g ). 
Rearranging terms yields 

i? # (ei,e 3 ,ei,e 3 ) + R*(ei, e 4 , ei, e 4 ) 
+ i? # (e 2 , e 3 , e 2 , e 3 ) + i? # (e 2 , e 4 , e 2 , e 4 ) 
+ 2i? # (ei,e 3 ,e 4 ,e 2 ) + 2 -R # (ei, e 4 , e 2 , e 3 ) 

= 2 (i?(ei,e p ,ei,e g ) + R(e 2 ,e p ,e 2 ,e q )) (R(e 3 ,e p ,e 3 ,e q ) + R(e 4 ,e p ,e 4 ,e q )) 

- 2R(ei,e 2 ,e p ,e q )R(e 3 ,e 4 ,e p ,e q ) 

- 2(i?(ei,e p ,e 3 ,e g ) + R(e 2 , e p , e 4 , e q )) (R(e 3 ,e p ,ei,e q ) + R(e 4 ,e p ,e 2 ,e q )) 
+ 2 (i?(ei, e p , e 4 , e g ) - R(e 2 , e p , e 3 , e q )) (i?(e 4 , e p , ei, e 5 ) - i?(e 3 , e p , e 2 , e 9 )), 

and the right hand side is nonnegative by Corollary 10 in [2]. 

Given any algebraic curvature operator R on W 1 , we define an algebraic 
curvature operator S on W 1 x M 2 by 

S(vi,v 2 ,v 3 ,V4:) = R(vi,v 2 ,v 3 ,V4) + (x 1 ,x 3 ) (x 2 ,x 4 ) - (xi,x 4 ) {x 2 ,x 3 ) 

for all vectors dj = (vj,Xj) 6 W 1 xl 2 . A straightforward calculation yields: 

Lemma 6. Let R be an algebraic curvature operator on M. n , and let S be 
the induced curvature operator on M. n x M 2 . Then 

S*(VI,V 2 ,V 3 ,V4:) = R # (VI,V 2 ,V 3 ,V4) 

for all vectors Vj = (vj,Xj) £ M n x M 2 . 
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Let E be the set of all algebraic curvature operators on W 1 with the 
property that the induced curvature operator S on W 1 x M. 2 has nonnegative 
isotropic curvature: 

E = {R G Sg(so(n)) :Shas nonnegative isotropic curvature} 

It is easy to see that E is closed, convex, and 0(n)-invariant. 

Proposition 7. Let R be an algebraic curvature operator on W n , and let S 

be the induced curvature operator on W 1 x M. 2 . The following statements are 
equivalent: 

(i) S has nonnegative isotropic curvature. 

(ii) For all orthonormal four-frames {ex, e 2 , e 3 , e 4 } and all A,/j G [—1, 1], 
we have 

i?(ei,e 3 ,ei,e 3 ) + A 2 R(ei, e 4 , ei, e 4 ) 
+ /j 2 R(e 2 , e 3 , e 2 , e 3 ) + A 2 /i 2 R(e 2 , e 4 , e 2 , e 4 ) 
- 2A^x fl(ei, e 2 , e 3 , e 4 ) + (1 - A 2 ) (1 - /x 2 ) > 0. 

Proof. Assume first that S has nonnegative isotropic curvature. Let 
{ei, e2, e 3 , e 4 } be an orthonormal four-frame in R n , and let A, fi G [—1,1]. 
We define 

ei = (ei,0,0) e 2 = (/te 2 , 0, -y/l - M 2 ) 

e 3 = (e 3 ,0,0) e 4 = (Ae 4 ,v / 1-A 2 ,0). 

Clearly, the vectors {ei, e 2 , e 3 , e 4 } form an orthonormal four-frame in M n x 
IR 2 . Since S has nonnegative isotropic curvature, we have 

< S(ei, e 3 , ei, e 3 ) + 5(ei, e 4 , ei, e 4 ) 
+ S(e2,e 3 ,e2,e 3 ) + S(e 2 , e 4 , e 2 , e 4 ) - 2 5(ei, e 2 ,e 3) e 4 ) 
= i?(ei, e 3 , ei, e 3 ) + A 2 i?(ei, e 4 , ei, e 4 ) 
+ ^ 2 i?(e 2 , e 3 , e 2 , e 3 ) + A 2 /x 2 i?(e 2 , e 4 , e 2 , e 4 ) 
- 2A,u i2(ei, e 2 , e 3 , e 4 ) + (1 - A 2 ) (1 - fj 2 ), 

as claimed. 

Conversely, assume that (ii) holds. We claim that 5 has nonnegative 
isotropic curvature. Let {ei, e 2 , e 3 , e 4 } be an orthonormal four- frame in R n x 
M 2 . We write ej = (vj,Xj), where Vj G 1" and Xj G M 2 . Let V be a four- 
dimensional subspace of M n containing {ui, u 2 , u 3 , u 4 }. We define 

<£> = v i A v 3 + V4 A f 2 G A 2 y 
■0 = f i A w 4 + w 2 A v 3 G A 2 V. 

Clearly, ip A (p = ip Ai/j and (/? A ip = 0. By Lemma 20 in [2], there exist an 
orthonormal basis {ei, e 2 , e 3 , e 4 } of y and real numbers eti, a 2 , &i, 6 2 , such 
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that a\a 2 = b±b 2 and 

if := cos 9 (p + sin 6 ip = a\ e\ A e 3 + a 2 e 4 A e 2 
■0 := — sin^C/? + cos04> = 61 ei A e 4 + 62 e2 A 63. 

This implies 

R(<p, if) + i?(V>, = R(<p, $) + i?(V5, ^) 

= a 2 i?(ei, e 3 , ei, e 3 ) + 6 2 i?(ei, e 4 , ei, e 4 ) 
+ 62 R(e 2 , e 3 , e 2 , e 3 ) + a 2 . i?(e 2 , e 4 , e 2 , e 4 ) 
- 2aia 2 R(ei,e 2 , e 3 , e 4 ). 

Using the identity {vi,Vj) + (xi,Xj) = 5ij, we obtain 

M 2 - H 2 = (M 2 - H 2 )(N 2 - M 2 ) - Hv uV2 ) (v 3 ,v 4 ) 

- {(vi,v 3 ) - (v 2 ,v A )) 2 + {(vi,v A ) 2 + (t> 2 , v 3 )) 2 

= (|xi| 2 - |x 2 | 2 )(|x 3 | 2 - |x 4 | 2 ) -4(xi,x 2 ) (x 3 ,x 4 ) 

- ((xi, x 3 ) - (x 2 , x 4 )) 2 + ((xi, x 4 ) + (x 2 , x 3 )) 2 
= \xi A x 3 + x 4 A x 2 | 2 — \xi A x 4 + x 2 A x 3 | 2 



and 



(ip,tp) = (\ Vl \ 2 - \v 2 \ 2 ) (v 3 ,v 4 ) + (\v 3 \ 2 - \v 4 \ 2 ) (V!,V 2 ) 

~ ({V1,V 3 ) - (f 2 ,f 4 )) ({V1,V4) + {V 2 ,V 3 )) 

= (|xi| 2 - |X 2 | 2 ) (x 3 ,X 4 ) + (|X 3 | 2 - \X 2 4 \) (X!,X 2 ) 

- ((xi,x 3 ) - (x 2 ,x 4 )) ((xi,x 4 ) + (x 2 ,x 3 )) 
= (xi A x 3 + x 4 A X2, xi A x 4 + x 2 A x 3 ). 



From this we deduce that 



(|xi A x 3 + x 4 A x 2 | 2 + \x± A x 4 + x 2 A x 3 | 2 ) 2 
= (|xi A x 3 + x 4 A X2I 2 — |xi A x 4 + X2 A x 3 | 2 ) 2 
+ 4 |xi A x 3 + x 4 A X2I 2 |xi A x 4 + X2 A x 3 | 2 
> (|xi A x 3 + x 4 A X2I 2 — |xi A x 4 + X2 A x 3 | 2 ) 2 
+ 4 (xi A x 3 + x 4 A X2, xi A x 4 + X2 A x 3 ) 2 
= (W\ 2 -W\ 2 ? + A{^) 2 

= (M 2 -H 2 ) 2 + 4<<^> 2 

= (a 2 + a 2 -b 2 -b 2 ) 2 . 
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Putting these facts together, we obtain 

R(ip, if) + R(ip, VO + 1^1 A X3 + X4 A X2I 2 + \xi A X4 + x 2 A x 3 | 2 
> a 2 ^(ei^ei^) + 6f i?(ei,e 4 ,ei,e 4 ) 
+ &2 ^( e 2> e 3 , e 2 , e 3 ) + a 2 R(e 2 , e 4 , e 2 , e 4 ) 
— 2a\a 2 R(ei,e2,e3, e 4 ) + (a 2 + a 2 — 6 2 — b 2 \. 

The condition (ii) implies that the right hand side is nonnegative. Thus, we 
conclude that 

S(ei, e 3 , ei, e 3 ) + 5(ei, e 4 , <=i, e 4 ) 
+ 5 , (e2,e3,e2,e 3 ) + S(e 2 , e 4 , e 2 , e 4 ) - 2£(ei, e 2 , e 3 , e 4 ) 
= i?(<£>, <£>) + VO + 1^1 A X3 + x 4 A x 2 | 2 + |xi A X4 + x 2 A x 3 | 2 > 0, 
as claimed. 

We next consider the cone C introduced in [2\. Moreover, we denote by 
/ the curvature operator of the standard sphere, i.e. Iijki = o~ik Sjl — o~u o~jk- 
Using Proposition 21 in [2], we obtain: 

Corollary 8. If R G E, then R G C and R + I G C . Moreover, we have 
E + C = E. 

We claim that the set i£ is invariant under the ODE 4lR = Q(R). This 
is a consequence of the following algebraic fact: 

Proposition 9. Let R G E be an algebraic curvature operator on M. n . 
Moreover, let {e±, e 2 , e 3 , e 4 } 6e an orthonormal four-frame in W 1 , and let 
A,M€[-1,1]. If 

R(ei,e 3 , ei, e 3 ) + A 2 R{e%, e 4 , ei, e 4 ) 

(5) + ^ 2 i?(e 2 , e 3 , e 2 , e 3 ) + A 2 /j 2 R(e 2 , e 4 , e 2 , e 4 ) 

- 2Xfi R( ei ,e 2 , ea, e 4 ) + (1 - A 2 ) (1 - ^ 2 ) = 0, 

Q(i2)(ei, e 3 ,ei,e 3 ) + A 2 Q(R)(e x ,e 4 ,ei,e 4 J 

(6) + /i 2 Q(i?)(e 2 , e 3 , e 2 , e 3 ) + A 2 M 2 Q{R){e 2 , e 4 ,e 2 ,e 4 J 
- 2A/iQ(i?)(ei,e 2 ,e 3 ,e 4 ) > 0. 

Proof. Let S be the curvature operator on M. n x M 2 associated with R. 
We define an orthonormal four-frame {e±, e 2 , e 3 , e 4 } in M ra x M 2 by 

h = (ei , 0, 0) e 2 = (/ie 2 , 0, ^/1 - /i 2 ) 

e 3 = (e 3 ,0,0) e 4 = (Ae 4 , v / T^A 5 ,0). 
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By assumption, S has nonnegative isotropic curvature. Moreover, it follows 
from ([5]) that 

S(ei,e s ,ei,e 3 ) + S(ei, e 4) ei, e 4 ) 

+ S(e 2 ,e 3 ,e 2 ,e 3 ) + S(e 2 , e 4 , e 2 , e 4 ) - 2 S(ei, e 2 , e 3 , e 4 ) = 0. 
Hence, Lemma [5] implies that 

5 # (ei,e 3 ,ei,e 3 ) + S # (ei, e 4 , ei, e 4 ) 
+ S*(e 2 ,e 3 , e 2 , e 3 ) + S*(e 2 ,e 4 , e 2 , e 4 ) 
+ 2S' # (ei,e 3 ,e 4 ,e 2 ) + 2 S' # (ei, e 4 , e 2 , e 3 ) > 0. 
Using Lemma El we obtain 

i? # (ei,e 3 ,ei,e 3 ) + A 2 i? # ( ei , e 4 ,ei,e 4 J 

(7) + fj 2 R*(e 2 ,e 3 ,e 2 ,e 3 ) + A 2 ^ 2 R*(e 2 , e 4 , e 2 , e 4 ) 

+ 2A^i? # (ei,e 3 ,e 4 ,e 2 ) + 2A// R*(e\, e 4 , e 2 , e 3 ) > 0. 
Moreover, we have 

i? 2 (ei,e 3 ,ei,e 3 ) + A 2 i? 2 (ei, e 4 , e 1; e 4 ) 
+ /u 2 i? 2 (e 2 , e 3 , e 2 , e 3 ) + AV 2 i? 2 (e 2 , e 4 , e 2 , e 4 ) 

(8) + 2A/ii? 2 (ei,e 3 ,e 4 ,e 2 ) + 2A^ R 2 (ei, e 4 , e 2 , e 3 ) 

n 

= ^ [-R(ei,e 3 ,ep,e g ) - A/ii?(e 2 ,e 4 ,e p ,e g )] 
p,g=l 
n 

+ ^ [XR(ei,e4,e p ,e q ) + fiR(e2,e 3 ,e p ,e q )] > 0. 

p,g=l 

Adding (|7|) and (JH]), we conclude that 

Q(^)( ei ,e 3 ,ei,e 3 ) + A 2 Q(i?)(ei , e 4 ,ei,e 4 j 

(9) + /i 2 Q(R)(e 2 , e 3 , e 2 , e 3 ) + AV Q(R)(e 2 , e 4 ,e 2 ,e 4 J 

+ 2A^,Q(i?)(ei,e 3 ,e 4 ,e 2 ) + 2X/J, Q(R)(ei, e 4 , e 2 , e 3 ) > 0. 

Since 

Q(i?)(ei,e 2 ,e 3 ,e 4 ) + Q(R)(ei, e 3 , e 4 , e 2 ) + Q(R)(ei, e 4 , e 2 , e 3 ) = 0, 
the assertion follows. 



Proposition 10. Suppose that R(t), t G [0, T), is a solution of the ODE 
f t R(t) = Q(R(t)) with R(0) G E. Then R(t) G E for all t G [0,T). 

Proof. Fix e > 0, and denote by i? e (i) the solution of the ODE ^R £ (t) = 
Q(R e (t)) + e/ with initial condition R e (0) = R(0) + el. The function i? e (t) 
is defined on some time interval [0,T e ). We claim that R £ (t) G E for all 
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t G [0, T E ). To prove this, we argue by contradiction. Suppose that there 
exists a time t G [0, T £ ) such that R £ (t) £ E. Let 

r = inf{t G [0,T £ ) : i? £ (t) ^ E}. 

Clearly, r > and R £ (t) G <9-E. By Proposition we can find an orthonor- 
mal four-frame {ei, e2, e3, 64} and real numbers A,/i 6 [—1, 1] such that 

i? £ (r)(ei, e 3 , ei, e 3 ) + A 2 R £ (r)(e 1 , e 4 , ei, e 4 ) 

+ /i 2 i2 e (r)(e 2 , e 3 , e 2 , e 3 ) + A 2 ^ 2 i? £ (r)(e 2 , e 4 , e 2 , e 4 ) 

- 2\fiR £ (r)(e 1 , e 2 , e 3 , e 4 ) + (1 - A 2 ) (1 - // 2 ) = 0. 

By definition of r, we have i? e (i) G E for all i G [0, r). This implies 
i? £ (i)(ei, e 3 , ei, e 3 ) + A 2 R £ (t)(ei, e 4 , e 4 , e 4 ) 
+ /r 2 R £ (t)(e 2 , e 3 , e 2 , e 3 ) + A 2 /u 2 i? £ (i)(e 2 , e 4 , e 2 , e 4 ) 

- 2\nR e (t)(ei, e 2 , e 3 , e 4 ) + (1 - A 2 ) (1 - fi 2 ) > 
for all t G [0, r). Hence, we obtain 

Q{R £ (T))(e l , e 3 , ei, e 3 ) + A 2 Q(i? £ (r))(ei, e 4 , ei, e 4 ) 
+ /i 2 Q(i? £ (r))(e 2 , e 3 , e 2 , e 3 ) + X 2 fi 2 Q(i? £ (r))(e 2 , e 4 , e 2 , e 4 ) 

- 2A//Q(i2 e (r))(ei, e 2 , e 3 , e 4 ) + s (1 + A 2 ) (1 + fi 2 ) < 0. 
On the other hand, since R £ (t) G E, we have 

Q(Re(T))(ei, e 3) ei, e 3 ) + A 2 Q(i2 e (r))(e 1) e 4 , ei, e 4 ) 
+ /i 2 Q(i? e (r))(e 2 , e 3 , e 2 , e 3 ) + A 2 /x 2 Q(i? E (r))(e 2 , e 4 , e 2 , e 4 ) 

- 2A^Q(i? £ (r))(ei,e 2 ,e 3 ,e 4 ) > 

by Proposition [9j This is a contradiction. 

Thus, we conclude that R £ (t) G E for all t G [0, T e ). It follows from 
standard ODE theory that T < liminf £ ^o^e an d R(t) = lim £ ^o R £ (t) for 
all t G [0,T). Therefore, we have R(t) G £ for all t G [0,T). This completes 
the proof. 

As in [1] , we define a family of linear transformations £ a i, on the space of 
algebraic curvature operators by 

4 b(R) = R + b Ric © id + - seal id © id. 

n 

Here, seal and Rico denote the scalar curvature and trace-free Ricci tensor 
of R, respectively. Moreover, © denotes the Kulkarni-Nomizu product, i.e. 

(A © B)ijki = Aik Bji — An Bjk — Ajk Bu + Aji Bo-. 

Using a result of C. Bohm and B. Wilking pQ, we obtain: 

Proposition 11. Assume that b G (0, ^ 2w ^" ra ^^~ 4 2 ] and 2a = 2b + (n — 
2)b 2 . Then the set £ a ^(E) is invariant under the ODE ^R = Q(R). 
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Proof. By work of Bohm and Wilking (cf. pjj, Theorem 2), it suffices 
to show that the set E is invariant under the ODE jj^R = Q(R) + D a j ) (R), 
where D a> b(R) is defined by 

D a<b (R) = ((n - 2) b 2 - 2 (a - b)) Ric © Ric 

+ 2a Ric © Ric + 2b 2 Ricg © id 

nb 2 (l - 2b) - 2(a - 6)(1 - 2b + nb 2 ) l2 . , 

+ — — ' H — ^ l Rlc ol id © id. 

n + 2n(n — lja 

The first term on the right vanishes as 2a = 2b + (n — 2)6 2 . By Corollary 
[U 22 is a subset of C. Hence, every algebraic curvature operator R E E 
has nonnegative Ricci curvature. Consequently, we have D a j,(R) > for all 
R E E. Since E is invariant under the ODE ^R = Q(R) by Proposition [10} 
we conclude that E is also invariant under the ODE ^R = Q(R) + D a ^(R). 



4. Proof of the main theorem 

The proof of Theorem [2] relies on the construction of a suitable pinching 
set. The concept of a pinching set was introduced in pioneering work of 
Hamilton (cf. [4], Definition 5.1). Bohm and Wilking [1] have a slightly more 
general notion of pinching set, which is more convenient for our purposes. 

Proposition 12. Let K be a compact set which is contained in the interior 
of C . Then there exists a closed, convex, 0(n) -invariant set F with the 
following properties: 

(i) F is invariant under the ODE 4+R= Q{R)- 

(ii) For each S E (0, 1), the set {R E F : R is not 5-pinched} is bounded. 

(iii) K is a subset of F. 

Proof. By assumption, the set K is contained in the interior of C. Using 
Proposition [31 we obtain 

R(ei, e 3 , ei, e 3 ) + A 2 R(et, e 4 , ei, e 4 ) 

+ fj 2 R(e 2 ,e 3 ,e 2 ,e 3 ) + \ 2 fi 2 R(e 2 , e 4 , e 2 , e 4 ) - 2\(j,R(ei, e 2 , e 3 , e 4 ) > 

for all R E K, all orthonormal four-frames {ei, e 2 , e 3 , e 4 }, and all pairs 
(A,//) E <9([— 1,1] x [—1,1]). Hence, there exists a positive real number N 
with the following properties: 

1. We have 

R(ei,e 3 ,ei,e 3 ) + A 2 i?(e x , e 4 , e x , e 4 ) 

+ ^ 2 i?(e 2 , e 3 , e 2 , e 3 ) + A 2 // 2 i?(e 2 , e 4 , e 2 , e 4 ) 

- 2A^x fl(ei, e 2 , e 3 , e 4 ) + iV (1 - A 2 ) (1 - fi 2 ) > 

for all R £ K, all orthonormal four-frames {ei, e 2 , e 3 , e 4 }, and all pairs 
(A,/i) E [-1,1] x [-1,1]. 

2. We have tv(R) < 2N for all R £ K. 
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Without loss of generality, we may assume that N = 1. Thus, K is contained 
in the interior of the set F. Consequently, we can find real numbers a G 

(°> W=T)\ and b G (°. ^ 2n< n{n-2) A ~ 2 ] such that 2a = 26 + (n - 2)6 2 and 
Fv C ia t b(E). We now define Fi = i a ,b(E). Clearly, F\ is closed, convex, 
and 0(n)-invariant. Moreover, F\ is invariant under the ODE jj^R = Q(R) 
by Proposition [Til 

We next consider the cones C(s) defined in [2]. By continuity, we can 
find a real number si > such that £ a ,b(C) C C'(si). Hence, it follows from 
Corollary [8] that 

4, 6 (#) + (1 + 2(n - l)o) I = 4,&(# + /) g 4, 6 (C') C 
for all R £ E. Since a G (0, 2 ( n -i) ]i we conclude that 

Fi C {R: F + 2/G C(si)}. 

Using Proposition 16 in [2], we can construct an increasing sequence of 
positive real numbers Sj, j G N, and a sequence of closed, convex, 0{n)- 
invariant sets Fj, j G N, with the following properties: 

(a) For each j £ N, we have F j+1 = Fj n {R : R + 2-? +1 / G C(s j+ i)}. 

(b) For each j £ N, we have Fj n {i? : tr(i?) < 2^'} C F i+1 . 

(c) For each j G N, the set Fj is invariant under the ODE 4tR = Q(R). 

(d) Sj — > oo as j — > oo. 

We now define F = OJLi Fj. Clearly, F is a closed, convex, 0(n)-invariant 

set, which is invariant under the ODE jj^R = Q(R). Since K C Fl n {R : 
tr(R) < 2}, it follows from property (b) that K C Fj for all j G N. Hence, 
K is a subset of F. Finally, property (a) implies 

F C Fj C {R :R + 2U G C( Sj )} 

for all j G N. Since a,- — ► oo as j — ► oo, the assertion follows from Proposi- 
tion 15 in [2]. 

Having established the existence of a pinching set, the convergence of 
the normalized Ricci flow follows from work of Hamilton [3] (see also [JJ, 
Theorem 5.1): 

Theorem 13. Let (M,go) be a compact Riemannian manifold of dimension 
n > 4. Assume that the curvature tensor of (M,go) lies in the interior of 
the cone C for all points in M . Then the normalized Ricci flow with initial 
metric go exists for all time and converges to a metric of constant sectional 
curvature as t — > oo. 

By Proposition HI every curvature tensor satisfying ([2]) lies in the interior 
of the cone C. Thus, Theorem [2] is an immediate consequence of Theorem 
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